Abstract. P. Brändén recently proved a conjecture due to S. Fisk, R. P. Stanley, P. R. W. McNamara and B. E. Sagan. In addition, P. Brändén gave a partial answer to a question posed by S. Fisk regarding the distribution of zeros of polynomials under the action of certain non-linear operators. In this paper, we give an extension to a result of P. Brändén, and we also answer a question posed by S. Fisk.
1. Introduction P. Brändén [1] recently proved a conjecture due to S. Fisk, R. P. Stanley, P. R. W. McNamara and B. E. Sagan. S. Fisk [9] posed a problem related to Theorem 1, which may be formulated as follows.
Theorem 1 (P. Brändén [1]). If a real polynomial
Open Problem 1. Let r ∈ N. If a real polynomial n k=0 a k x k has only real negative zeros, then does the associated polynomial n k=0 (a 2 k − a k−r a k+r )x k , where a t = a s = 0 for t < 0 and s > n, have only real negative zeros?
In [1] , P. Brändén provides an affirmative answer to Open Problem 1 for r = 0, 1, 2, 3. In Section 3 of this note, we will extend the aforementioned result of P. Brändén, and we give a complete answer to Open Problem 1. We investigate, in Section 4, a problem of S. Fisk [9] involving the minors of a particular matrix related to Theorem 1. Subsequently, in Section 5, we apply the methods discussed in Sections 3 and 4 to another non-linear operator which arises from an inequality introduced by D. K. Dimitrov. We conclude this paper with an example and several open problems.
Preliminaries
Definition 2. A real entire function ϕ is said to belong to the Laguerre-Pólya class, denoted L -P, if ϕ is the uniform limit on compact subsets of C, of real polynomials with only real zeros. A function ϕ ∈ L -P ∪ {0} if and only if it can be expressed as ϕ(x) = c x n e −ax 2 +bx ∞ j=1
(1 + ρ j x)e −ρj x , where b, c, ρ j ∈ R, a ≥ 0, j, n ∈ N, and ∞ j=1 ρ 2 j < ∞ (see [11, Chapter VIII] ). The subclass L -P + ⊂ L -P, consists of those functions ϕ ∈ L -P that have non-negative Taylor coefficients.
The class L -P + has the following characterization (see [11, Chapter VIII] 
where a, c, ρ j ≥ 0, m, j ∈ N, and
Definition 4. We will refer to the following notation frequently in the sequel. We define
A sequence of real numbers {γ k } ∞ k=0 is a multiplier sequence, if n ∈ N, and
Multiplier sequences were characterized in a seminal paper by G. Pólya and J. Schur [16] .
Theorem 5 (G. Pólya and J. Schur [16] ). Let {γ k } ∞ k=0 be a sequence of real numbers, and let T :
] to be the formal power series
Then the following are equivalent:
is the uniform limit of polynomials with only real zeros of the same sign on compact subsets of C; (iv) Either ϕ(x) or ϕ(−x) is an entire function that can be written as
where n ∈ N, C ∈ R, a, α k ≥ 0 for all k ∈ N and
n ] has only real zeros of the same sign.
A particularly useful multiplier sequence given in the following example will be frequently referred to in the sequel. (n−k+d)! x n−k has only real negative zeros. Thus it follows that f (x) has only real negative zeros, as desired.
The following notation follows P. Brändén [1, Section 4] .
be a fixed sequence of complex numbers and given a finite sequence,
, where
and a j = 0 if j / ∈ {0, 1, . . . , n}. Also define two non-linear operators acting on polynomials, Theorem 9 (P. Brändén [1] ).
is a sequence of real numbers, then the following are equivalent.
is sequence of real numbers, then the following are equivalent.
Main Results
Recall the definition of the operators U α and V α (see (2)). For r ∈ N, define
where α = {α k } ∞ k=0 , α 0 = 1, α r = −1, and α k = 0 if k / ∈ {0, r}. With the aid of Theorem 5, Theorem 9, and Theorem 10,
The following propositions are extensions of the aforementioned results of P. Brändén.
, where a k = 1/k!, and a k = 0 for k < 0. By Theorem 9, it suffices to show that
To this end, consider
where the polynomial
has only real negative zeros. This assertion can be verified by using Mathematica in conjunction with the intermediate value theorem. Thus the entire function f (x) ∈ L -P + , and by Theorem 5, the sequence
is a multiplier sequence. Next we apply the multiplier sequence {1/(k + 7)!} ∞ k=0
(cf. Example 6) to the entire function f (x) to obtain
A similar argument, mutatis mutandis, establishes the following proposition.
Next, we consider Open Problem 1 and a related question posed by P. Brändén [1, p.11], both of which fail. In particular, we will show that S 6 [e x ], S 6 [e x ] ∈ L -P + , where
and
where a k = 1/k!, and a k = 0 for k < 0. Thus, by Theorem 9 and Theorem 10,
n (x) denotes the j-th derivative for j = 0, 1, 2. Proof. The infinite sum obtained by the power series
An elementary computation yields c k ≥ c k+1 for k ≥ 7. Hence, E k (x 0 ) is an alternating series for k ≥ 7, and for j = 0, 1, 2,
The classical Laguerre inequalities (see [2] ) generalize to a system of inequalities which characterize L -P, the Laguerre-Pólya class. 
where
Proof. With the notation of Lemma 13, f n (x) := n k=0 a k x k , and E n (x) := f (x) − f n (x). Using Mathematica 7, for x 0 = −43, we obtain
30 (x 0 ) + E
30 (x 0 ) = 7.536322 . . . × 10 −5 + E
30 (x 0 ), and
30 (x 0 ) = −3.954149 . . . × 10
30 (x 0 ).
30 (x 0 ))
30 (x 0 )). By Lemma 13, a calculation show that
A similar argument, mutatis mutandis, establishes the following theorem.
Related results
In [9, Question 3], S. Fisk raised the following question.
Open Problem 2. Let d ∈ N, and let
, where a k = 0 for k < 0 and k > n.
In order to give a partial answer to S. Fisk's question, we introduce the following notation.
Notation 17. For a given sequence of complex numbers {a k } ∞ k=0 , we consider the infinite matrix
Furthermore, we define the d × d principal minor, starting at column k of M , by
As 
Theorem 19 (Malo-Schur-Szegö Theorem). Let
and set
(i) (Szegö [20] 
then B(x) has only real negative zeros.
Proof. Two proofs will be given. Proof 1. The numerator in the summand of B(x), (n + d)!d!, are fixed constants.
As noted before (cf. Example 6), For d, n ∈ N, the polynomial F d [(1 + x) n ] has only real negative zeros, where F d is defined in (8) .
Proof. Fix n ∈ N. By Theorem 18,
k . We will complete the proof of the proposition by induction on d. 
which has only real negative zeros.
A proof analogous to Proposition 21 yields the following result about hypergeometric polynomials. |P |+1 x) Notation 23. Given a function f (x) = ∞ k=0 a k x k ∈ L -P + , define the associated matrix M as in (9) formed by the sequence {a k } ∞ k=0 of coefficients of f (x), where a k = 0 for k < 0. Regard the transformation F d as a non-linear operator on L -P + , where
By the Cauchy-Hadamard formula,
is an entire function.
The next lemma can be proved by induction. , with a k = 0 for k < 0, then
k is defined in (10) .
Using Lemma 24, the following result is attained.
Proof. Fix d ∈ N.
where a k = 1 k! , and a k = 0 for k < 0. Then by Lemma 24,
An application
For a sequence of positive real numbers {a k } ∞ k=0 , D. K. Dimitrov [7] defined the higher order Turán inequalities as
For a polynomial
where a k = 0 for k < 0 and k > n. The operator J has the following property.
By Example 6 and Lemma 7, 
(13) By the Cauchy-Hadamard formula, J[f (x)] is an entire function.
is defined by (13) .
is a multiplier sequence for j = 0, 1, 2, J[e x ] ∈ L -P + .
Questions and An example
We pose some questions regarding the operator S r (similar questions could be considered for the operator S r ).
Open Problem 3. Find all
Open Problem 4. Characterize the functions f (x) ∈ L -P + such that S r [f (x)] ∈ L -P + ∪ {0} for all r ∈ N.
The existence of functions in Open Problem 4 is a consequence of the following notion (see [3, Section 4] ). 
